Introduction
There has recently been a great deal of interest in the development and analysis of stochastic models for the growth of populations which are subject to catastrophes due either to death or large-scale emigrations (Kaplan et al. (1975) , Hanson and Tuckwell (1978) , (1981), Pakes et al. (1979) , Murthy (1981) and Trajstman (1981) ). Considerable emphasis has been placed on semistochastic models (i.e. models with deterministic growth and random catastrophes) because of their tractability as compared with models in which both growth and catastrophes are random. These semistochastic models do, however, exhibit some curious features; for example, the expected time to extinction for the model of Pakes et al. (1979) goes to oo as the initial population size goes to 0. This phenomenon is due to the failure of the model to account for the essential discreteness of population size.
The classical birth-death-immigration process (see e.g. Karlin and Taylor (1975) ) is an example of the birth-immigration-catastrophe processes which we shall study in this paper. However, its analysis is simplified by the fact that its sample-paths are skip-free (i.e. all jumps are of size 1). For a general continuous-time Markov chain with state-space {0, 1, 2, ---} it is difficult if not impossible to determine the time-dependent or stationary distribution of population size, or the distribution of the time to extinction, in a convenient form. However, we shall see that if the upward jumps are all of size 1 then there are several types of downward jump-size distributions for which relatively explicit solutions are possible. These models are those in which the downward jump sizes are geometrically, binomially or uniformly distributed, and between them they provide a fairly flexible family of distributions for modelling the magnitude of a catastrophe.
The results of our analysis allow us to make comparisons with the simpler semistochastic models in which growth between catastrophes is assumed to be deterministic. Such comparisons are made in Sections 6 and 8.
In a subsequent publication we shall examine related continuous state space models which have state-dependent catastrophe rates and which also allow the possibility of upward jumps of random size.
Birth, immigration and catastrophe processes
Let X(t) denote the population size at time t. We shall assume that {X(t), t -0} is a non-negative integer-valued Markov process with generator Q = , i}, {gi, j = i + 1, i + 2, --} are probability distributions for each ie {0, 1, 2,---}. The quantities e, iA, iv represent the immigration, birth and catastrophe rates respectively when X(t) = i. Given that X(t) = i and that the first jump after time t is a catastrophe (immigration), the distribution of the resulting state is {ci.}({gi.}). The standard linear birth and death process with immigration is obtained by taking cii = Ili-1(j) and gii = li+ri(i).o If we denote by p(t) the distribution of X(t), i.e. the row vector {P(X(t)= The distinguishing feature of processes with catastrophes is that the downward jumps may be of size greater than 1. As a result we obtain equations for ( which are not, in general, partial differential equations and which do not have the local character of such equations. However, as we shall see below, they can be solved in a number of cases of interest.
Multiplying the jth component on each side of (2.3) by s' and summing over j we obtain, using (2.1) and (2.2), Straightforward algebra shows that for these types of catastrophe, Equation 
Binomial catastrophes
The binomial model is appropriate when the effect of the catastrophe is to assign a probability p, 0O-p <1, of survival to each member of the population. Given that the population size was n just before the catastrophe, the number of survivors is then binomially distributed with parameters n and p.
The 
.11) h(x) = af(x)-f(x)-(x + E)--, VXJx (f(x -y) -f(x))Hx dy. This shows f' is right continuous (all other terms in (6.11) are either continuous or right continuous) and that (6.8) must be bounded (af-h is bounded).
Comparing (6.7) and (6.11) shows that Wf must have the form given in (6.9). So far we have shown that every f e -has the properties enumerated in the statement of the theorem. It remains to show that every f with the stated properties satisfies f = R,h for some a > 0 and some h e ?. But for such f we may pick a > 0 arbitrarily and define h by (6.11). Then h is bounded and right continuous so that h e -. Solve (6.11) for f' and integrate to get (6.10). Since (6.10) is equivalent to f = R(h we are done.
We shall now derive analogues of the results of Sections 3 and 5 for the corresponding semistochastic models and in particular make comparisons between the moments of the corresponding stationary distributions (when they exist). Thus from (7.10) we obtain (7.14) AE2T = [A + v(1-p)]ET-1.
It is useful to note that when
For p small but non-zero we expand the right side of (7.11) in powers of p up to and including terms in pk to obtain a kth degree (in p) approximation to irl(a). Taking k = 1 for example gives This establishes the intriguing fact that, regardless of the initial population size and regardless of the value of A, the distribution of the time to extinction is exponential with mean v-.
Time to extinction for the semistochastic analogues
The time to extinction for the semistochastic model with exponential catastrophes considered in Section 6 has already been discussed by Pakes et al. 
